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Context

Objective: Develop reduced-order network procedures that preserve
voltage.

IF you can preserve complex-value voltage phasors, then you can
preserve most important quantities.

Traditional network reductions (e.g., Ward & REI)
— Use linearization somewhere in the process.
— Theoretically exact only at a point—base case
Objective: Develop network reduction
— Preserve phasor voltages
— Must preserve nonlinearities
Achievement:

— Network voltages theoretically exact along a (o) line--polynomial
nonlinearities.

Future

— Preserve network voltages in a hyperplane—polynomial nonlinearities.
Ultimate goal:

— Application to the risk analysis problem when uncertainty is large.

— (Important for voltage stability assessment.)
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Nonlinear Inverse functions: Use the Holomorphic Embedding Method
(HEM) allowing nonlinear injections (Constant P/Q injections, ZIP loads)

Network reduction via nonlinear inverse functions: radial and meshed
systems.

(Shruti Rao) Radial distribution system—Nonlinear two-bus phasor
voltage-preserving model.

— Convergence Issues: Power flow versus network equivalencing.

— Onthe aline

— Off the a line (estimating o)
(Yujia Zhu) Meshed network—Generalizing the nonlinear phasor-voltage-
preserving model reduction, arbitrary reduced-order model.

— Derivation

— Numerical experiments

— Var limiting of external generators—theory and (prelim.) experiments.

— Theory for moving along the aAS line. (Shruti Rao and Yujia Zhu)

Application of inverse functions to the risk analysis problem (future.)

I| Cornell University
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Inverse Functions using HEM

. TNhe power balance eq. (PBE) for a PQ bus can be written as:
ZYika :S_i*
. Holomorphlcally embedded as follows:
asS;

k=1 V'*(a*)
e With this embedding, o scales complex load, S.

 For holomorphic functions, V(a) is represented has Maclaurin
series truncated N, terms :

V(a)=V[0]+V[a +V[2]a® +...+V[N;]a""

‘[ == 1 Cornell University
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Inverse Functions using HEM

Express inverse of V() series on the RHS as an inverse series
1
W(a) where W, (a) =
Vi(a)

Thus the PBE is represented as:
N
>V, (Vi [0]+V, [Tl +V, [2]? +...+V, [N, Jar™r) =
k=1

aS; (W, [0]+W, [1]er + W, [2]” +...+ W, [N Ja ™)

The solution at a=0 (germ) :
ZYika[O] =0
k=1

Subsequent series terms obtained through a recurrence

elation obtained by equating like powers of a on both sides.
ZYika [n] — S:\Nl*[n _1] |?‘/"ﬁ_tjll Cornell University
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Inverse Functions using HEM

e Similarly the equations for PV buses can be embedded as
follows:

N ab - JQ(«
ZYika (o) = *J *( )
k=1 Vi (a)
where P.is the known power injected into the bus and V¥ is the
specified voltage for the PV bus.

2

Vi(a) *Vi*(a*) :’Visp

e The embedded equation for the slack bus is given by:
Vslack (0{) :V s

slack

e Combining the slack, PQ and PV bus equations, the PBE’s of a
power system can be solved recursively to obtain the terms of
the voltage power series.

=5y I| Cornell University
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Analytic Continuation via Padé Approximants

e Challenge: The voltage power series may not always converge.

e Padé approximants are used to obtain a converged solution, if
It exists.

e Stahl’s Padé convergence theory- For an analytic function with
finite singularities, the sequence of near-diagonal Padé
approximant converges to the function... 1!

e Padé approximants are rational approximants to the given
power series given by:
V(cS) =V[0]+V[l]a +V[2]a® +..V[L+M]a"™ +O(a"™)

2 L
_raataa+..+aa _a ()
b, +ba+b,a®+...+b,a" b, (a)

[1] H. Stahl, “On the Convergence of Generalized Padé Approximants,”
Constructive Approximation, 1989, vol. 5, pp. 221-240. |
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Power Flow Convergence Issues

Power flow convergence check diagonal approximants at
all/sentinel nodes at a=1:
a, taat+a,a’+...+aya”  a,(a)

V = pu—
(@t b, +ba+ba® +...+b,a" b, ()
aM +1(a) aM (0()‘ i
B = - <10
by, ()| |by(«) HV (a)[M+1/M+1] ’V(a)['\"”\"]‘

— We then check fort

Convergence check for generating equivalents.
— Diagonal approximants at all/sentinel nodes at a=SNBP.

ay ()l |ay(a)

bM +1 (Q’)

V(o)

— Must predict the SNBP.

s-power mismatches < 0.1 MW (transmission).

OLSNBP
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Equivalents-Generation Convergence Issues

e (Meshed Systems) Temporary work around.
— Use 120 terms in the series.
— Check condition number of Padé matrix.
— Check Padé matrix equation solution Ax=b accuracy.

e (Radial Systems) Economical convergence check for generating

equivalents.
— Metrics for checking for SNBP convergence.
1. SNBP change. ‘SNBPZ,\,I+K - SNBP,,, ‘ <¢&
2. Power mismatch < 0.1 MW
Ay .k 2 (@) LY (a) <107
3. Padé approximant change. b (@) |b, ()
— SNBP may be estimated by: Wiz v a =SNBP,, .«

* 1) a-line binary search (experimenting)-sentinel node selection?

e 2) roots method—finding smallest real root of high order numerator/denominator
polynomial.

— Selected: #1 (SNBP convergence) and #2 (P-mismatch)
* Used both line search and roots method with similar results on radial systems.

R;_‘ I| Cornell University
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Consider a three-bus network as shown below. SNBP=3.8xBase_Load
V]_ Vz V3

_@ I 4 I 2 I
- Sla!ck I<_‘ I<_‘

= S=P+jQ;  S3=P3+jQs

Ward reduction: Convert P,+jQ; load to current injection: I';=(P;+jQ,)/V,
Eliminate bus 3 using Ward reduction method—move /; bus 2.
Convert /, to equivalent §”;=I"; V, load at buses 2.

V. V,

& | 2 |
| <

- Slack

- $,=P2+jQ,
Compare with using HEM approach.

' Cornell University




U Analytic Reduction Method (ARM)RTS

ARIZONA STATE

UNIVERSITY Radial Network
Consider a three-bus HEM-solved PF problem, shown as the network
below. V Vala)  Vs(a) Bus
AC I 2, I Z, I mm
@ I 0.0
|<_| I<_| _ 005 002 0991
=+ Slack  45,=0P,+ja, El 023 008 0959

aS;=0Ps+joQ;
* Three HEM-based equwaler\mlts =
2
L Eﬂﬂ
_@ | = noos 0.13
7 L BERER o0s o015
Slack =

= aS,=0P,+0jQ,

V, V, (a) Shunt Y(«a)

V. Vz
_@ I 4 I<_S3 () _O I Y(o)
- Slack | |
= aS;=0aP,+0jQ; = SI ack aS,=0P,+0jQ,
(b) Shunt S(«) Ws(@) — V(@) (c) Series Y(a)

53 (a) = VZ (a) Z
2
ISSIINOl Accuracy Test: Scale loads uniformly to voltage collapse.

!l [g=] ] Cornell University
Y')}



£SU Inverse Function/HEM

ARIZONA STATE

University - 3-Bys Radial Network Reduction

e Static voltage collapse point:
— Unreduced Network: SNBP=3.8xBase load
— Ward Reduction: SNBP=7.5
— Inverse Function Approach: SNBP=3.8

e Bus 2 voltage plot (5,=0.)

Voltage magnitude at bus 2

1.05
Full network
fins Ward reduction
1F S() reduction
——Yshunt(~) reduction
>— Yseries(o) reduction
0.95
=
2
0.9+
0.85+
%
0.8

0.5 1 1.5 2 2.5 3 3.5

Consoamium FoR ELECTRIC REuBLy TRcHNoLoGY SoLuTions

i) Cornell University
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tvirsiy - Network Reduction--On the a Line
1 2 3 4 5 6 Vi V(o)

] [ O
R Bl L s
Ac(\% - aS,=aP,+0jQ,

EAFAF EE
number bus

I 0.0194  0.0592
DR 00470 0.198

0.0190 [ERNAEN 0.0670 0.171 14 13 12
0.0 DN 00134 0.0421 |
0.0016 RN o 0.209 |
0.0075 [IEIEN o 0.557

0.0 5 | 6 [ 0.252

0.0 7 | 8 | 0.176

0.0127

0.0166 10 0.0318 0.0845

0.0058 0.127 0.270

0.0018 0.0820 0.192

0.0016 13 0.221 0.200

0.0058 0171  0.348 )

0.005 4 Cornell University

0.0774
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14-Bus Radial to 2-Bus Radial

e \oltage mag error on the a line.

Consoamium FoR ELECTRIC REuBLy TRcHNoLoGY SoLuTions

Network Reduction—On the o line

* SNBP=2.6a
@ 0 Error in voltage magniude along alpha line
E 10 ! T T T
m e —
g |—
C |
© 10°+ || i
3 |I
o II — Ward
E II Yseries(alpha)
-10 | Yshunt(alpha) /
E 10 |' ——— S(alpha) d
o .
T
=
IS
o i
@
=
@
o
S
© -20 1 1 1 1 1
:E 10
0 0.5 1 1.5 2 2.5

alpha

) Cornell University
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14-Bus Radial to 2-Bus Radial
Network Reduction—On the o line

* Percent error in slack bus power on the a line.

e SNBP=2.6a
e HEM reduction approach superior to Ward reduction on the a line.

Percentage error in Slack bus power along alpha line

Consoamium FoR ELECTRIC REuBLy TRcHNoLoGY SoLuTions

L)

E _‘_HH--_\-\___ 1 1 1 ] __l_

© — J—

2 100f ~ ]
g || — Ward

o | —— Yseries(alpha)

g |I Yshunt(alpha)

o \ | — S(alpha)

I

@ 10°} | .
0 I

x \ !

Q I

o I

0 I

= II

= 4010 L | _
g 10 I

@ ——— I

=

@

o

E 1 1 1 [ 1

“ 0 0.5 1 1.5 2 2.5

alpha

i) Cornell University
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HEM Network Reduction

Getting off the o line




106 | Estimating Equivalent o CERTS

ARIZONA STATE . .
University - Network Reduction—Off the o line
e HEM: How to estimate equivalent a?—Five methods:
— a,—Length of orthogonal projection onto the a line.

— a,— |Sum (P+jQ), .., |/ |Sum (P+jQ) 4]
— Etc.

e "'_f"‘ Cornell University




ESU 3-Bus Radial to 2-Bus Radial .CERIS

ARIZONA STATE
tniversiy - Network Reduction—Off the a line
e HEM: Reduced-order networks exact along the a line.
 a|S,.,1/1S,,] Method: Bus 2 voltage magnitude error.
e Load scaled by factor of 4.
 Load variation +/-50% of base case load.

o = Snew/Sold
4 0.09
—~ 40.08
3
=2
— 4 0.07
S 01+
-
©
o 0.08 - 4 0.06
©
2 0.06 -
= 0.05
2 0.04 -
= 0.02 Base-case: 15
02 - - - . 0.04
o PLDﬂd 0.23, QLDad 0.08
i 0
o 0.03
= 0.5
0.02
0.01

Qg (P01

] ' Cornell University
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ARIZONA STATE

thversy - Network Reduction—Off the at line

* «,-Projection Method: Bus 2 voltage magnitude error.
e Load scaled by factor of 4.
e Load variation +/-50% of base case load.

« projection method

40.00
— 10.08
=
2 01+
E 40.07
5 0.08 -
© 4 0.08
S 0.06 -
i= 0.05
g 0.04
& ) 0.04
> 0.02 - Base-case:
S P .,~0-23 Q _ =0.08 15
> 0 '
0.5
0.02
0.01

-0.1 P, (p.u)
0.2 -0.5 load
DIc>a|:| (p.u.}

' Cornell University
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Ward: Add change in load to boundary bus injection.

Voltage magnitude error (p.u.)

<
/

0.08

0.06 -

0.04

0.02 -

3-Bus Radial to 2-Bus Radial

Ward method

Base-case:

Plag~0-23.Q _ =0.08

e
O
A

P oag P-U.)

T 02 05
Qpaq (P-U.)

Consoamium FoR ELECTRIC REuBLy TRcHNoLoGY SoLuTions

Network Reduction—Off the o line

Ward Method: Bus 2 voltage magnitude error—exact at one point.

4 0.09

4 0.08

1 0.07

4 0.06

0.05

0.04

0.03

' Cornell University
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UkversiTy Off the o Line
e Can HEM accurately model off the o line for larger
network?

e Reduce 14-bus system to 2-bus equivalent and
calculate voltage error.

 Experiment #1: Modify loads on the each bus at
random in the following ranges: (S, €S, (1+r), r; real,
random in window range.)

— 0-0.2
— 0.2-0.4

— 1.4-1.6
e HEM: Modify the load using equivalent alpha.
e Compare with Ward: Add add’l load to bus #2.

21l University
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e Random number windows are: 0-0.2, 0.2-0.4, ...,
e 1000 trials.

Voltage magnitude error (p.u.)

14-Bus to 2-Bus Radial Reduction .CERTS

Off the o Line

1.4-1.6

random number window

Msian of absolute of vnltage magmtude error usmg S{alpha}, scale=1
0.015
PFGJEEtIﬂﬂ of mult| dmensmnal point on line I
— (Magnitude of total (P+jQ) new)/(Magnitude of total (P+jQ) old)
Ward
0.01 F .
0.005 7
D k : ! L i T
0.2 0.4 0.6 0.8 1 1.2 1.4

rsity
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UNIVERSITY Off the o Line

Mean of error in slack bus power in percent using S(alpha), scale=1

30 Projection of multi-dimensional point on line

o —— (Magnitude of total (P+]Q) new)/(Magnitude of total (P+jQ) old)

E 25 Ward i
o

Lo

=

0 90k i
i

&

T

12

= 15+ .
S

o 10F .
=

G

5 O '
0

D n | i i I |
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

. ty
random number window
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Meshed Networks
On the o Line
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UNIVERSITY Meshed Networks

* Meshed Networks
— Assume we have a solved base case using HEM:

(Sl(a)/
Y, Y, V. () A(a)

ee

Yoe Yoo Yy [|[Ve(@)|= S;(%*(a*)

Yio Yi|Vi(a) S/ (a)
— Factorize admittance matrix as if performing Ward

reduction. ] )
L., I U, U, V. (a) S, ()W, (a”)
L. | Yo — YbeYeleeb Yoi | Vy(a) |= S; (a )Wb* (a”)

I Yip Yi I || Vi(2) Si*(a)Wi* (a”)

Y, pi =Admittance entry associated with external, boundary and internal system parts.

L p ;i =Lower-triangular factor associated with external, boundary and internal system parts.
U, p; =Upper-triangular factor associated with external, boundary and internal system parts.
Sepi =Complex power associated with external, boundary and internal system parts.

Ve i =Bus voltage associated with external, boundary and internal system parts.

We pi =Bus voltage inverse associated with external, boundary and internal system parts.
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ARIZONA STATE

UNIVERSITY Meshed Networks
e Meshed Networks _ _
Lee W I U ee U eb Ve (a) S: (a)We* (0(* )
Lpe | Yo _YbeYeleeb Yyi I Vy(a) | = S; (a)Wb* (a*)
|

J Yo Y, Vi(@)] | S (aW (@)

— Multiply by inverse of L matrix and suppress

external voltage values.

S, () e .,

Ve LIS, (o)W, (") >
Si ()
Vi*(a*)

Yoo _YbeYeleeb Yo | Vo ()
Yio Yi LV ()

Boundary bus injections

e "'_f"‘ Cornell University
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UNIVERSITY Observations on the o line

e HEM is theoretically exact on the a line
provided generators don’t go on var limits.

e Compare with reduced-models using methods
that also model voltage/var provided by PV

buses:
— Extended Ward

— REI

21l University
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Ward Reduction
L
=
I I
INTERNAL SYSTEM | | EXTERNAL SYSTEM
I I
| |
=
/l___J

BOUNDARY BUSES

 Equivalence the external network by adding fictitious
branches between boundary buses and adding fictitious
injections to the boundary buses.

e "'_f"‘ Cornell University
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UNIVERSITY Wa rd Red U CtIO N

!

\/

INTERNAL SYSTEM

—» FICTITIOUS INJECTION /l_ ]

FICTITIOUSLINE  BOUNDARY BUSES

—t+—— 4+ ——+—

-1

 Equivalence the external network by adding fictitious
branches between boundary buses and adding fictitious
injections to the boundary buses.

Fictitious branches/injections created through partlal ‘LU
factorization.

==y . Cornell University
o Al



ARIZONA STATE
UNIVERSITY

Extended Ward

INTERNAL SYSTEM

r

-+ —— 4+ —— 4+ —
SRS Sp———— e—_— R |

L — 1
BOUNDARY BUSES

e —

FICTITIOUS PV BUSES

e Add one fictitious generator bus to each boundary bus.

e Fictitious generator buses only provide reactive support.

e Match the incremental response for the reactive power flow.
fbenerators are fictitious and have no identity, no var limits.

PSERC

ConsorTiuM For ELECTRIC RELIABILITY TRCHNOLDGY SOLUTIONS

‘[ == 1 Cornell University
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A&IZONASTATE
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REI Reduction
e REI (radial equivalent independent) Reduction
N R |
EEE
INTERNAL SYSTEM emsee | |

== -
: ! \\// REI PQ BUS

ZERO POWER BALANCE NETWORK

e Group the external buses according to type: PV/PQ.
* Create the zero power balance network.

‘[ == 1 Cornell University
o Al




ARIZONA STATE

e REI Reduction
e REI (radial equivalent independent) Reduction

INTERNAL SYSTEM

I

REI PV BUS

]

—>

b

REIPQ BUS

e Group the external buses according to type: PV/PQ.
* Create the zero power balance network.
* Eliminate the external buses and neutral buses to

reate the REI equivalent.
P

S8 |y aggregate var limits may be enforced.
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ARIZONA STATE

UNIVERSITY Observations on the o line

 Numerical experiments limited to the o line
comparing HEM to Ward, Ex-Ward and REI.
(Var limits ignored.)
— |EEE 14 bus (7 bus internal, 7 buses external)
— |[EEE 118 bus (30 int., 88 ext.)
— |EEE 118 bus (88 int., 30 ext.))
— |EEE 118 bus (12 bus backbone)
— |EEE 300 bus (89 bus backbone)

21l University
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ARIZONA STATE

UNIVERSITY IEEE 14-bus schematic

THREE WINDING
TRANSFORMER EgUNﬁLENT

(G) ceneraTORS

@ SYNCHRONOUS
CONDENSERS

- 7 external buses (red circled)—50% reduction.
- 5 boundary buses (bus 1, 4, 5, 6, 9)
- 2internal buses (bus 7, 8)

=1 . Cornell University




% HEM Network Reduction

ARIZONA STATE

UNIVERSITY 14 bus (7 int,, / EXt.)

ConsorTiuM For ELECTRIC RELIABILITY TRCHNOLDGY SOLUTIONS

e Voltage mag. error (pu) v. a (scaled load/gen.) V,,,=1.06

e Newton’s method, base-case IC used to solve P
Extended Ward.

e Full model SNBP: 4.07. (Using HEM.)

F for Ward, REI,

Voltage magnitude error

Ward: 2.83

10%

vy |

Extended Ward
REI
107 - | HE
=
o
o
i
o
o))
© 1010

107 g ALl IR T A YT

«———REI:3.01

—_— //—' ~T————FEx-Ward:
\ / Ward 3.46

“SHE: 4.07

) 05 1 15 2 25 3 35 4
Load scale

‘[ == 1 Cornell University
o Al



ARIZONA STATE

UNIVERSITY

e Three reductions:
1.
2.

Preserve zone 1
Preserve zone 2

Preserve high
voltage buses
(>138kV)

HEM Network Reduction
118 bus schematic

CERTS

ConsorTiuM For ELECTRIC RELIABILITY TRCHNOLDGY SOLUTIONS

i
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% HEM Network Reduction CERTS

ARIZONA STATE

UNIVERSITY 118 bus (30 int., 88 ext.)

e \oltage mag. error (pu) v. a (75% reduction)
e Full model SNBP=3.2.

o0 | IVoItage-magniiuderlerror 1 . REI: 1.28
_ y_— Ward: 1.73
ﬁ/ Ward Ex-Ward: 2.23
Extended Ward
H REI HE: 3.2
. HE
10+ [
a
g 110

15 2 25 3
Load scale

‘[ == 1 Cornell University
o Al
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ARIZONA STATE

UNIVERSITY 118 bus (88 int., 30 ext.)

e V\oltage mag error (pu) v. o (25% reduction.)
e Slack bus change results in full model SNBP=2.72.

Voltage magnitude error NCP:

| | | | Ward: 2.67
Ex-Ward: 2.72
REI: 1.7

109

Ward

Extended Ward
REI

HE

1.5 2 25

Load scale [ =) ) Cornell University




% HEM Network Reduction CERTS

ARIZONA STATE
UNIVERSITY 118 bus (12-bus backbone)
e Voltage mag error (pu) v. o (90% reduction.)
e Slack bus change: SNBP=3.1.
10 Voltage magnitude error N CP
| | | = ' ' Ward: 2.1
w\/\\ '
ﬁf%\ Ex-Ward: 2.88
u ~—REI: 1.56
el e HE: 3.1

‘[ == 1 Cornell University

Load scale




A%l HEM Network Reduction CERTS
Universiy 300 bus (backbone 89 int. 211 ext.)

e Plot of voltage mag error (pu) v. o (70% reduction.)
e Full model SNBP: a =1.44
e Newton’s method, IC=base-case solution, finds no solution for REI

Voltage magnitude error

10 ° 1 T T T T : L \
ﬁ J/ Ward: 1.04
Ward ﬁ?-l REI: 1.13
Extended Ward | Ex-Ward: 1.43
REI
) ; | T\HE: 1.44
10 o
g
S
g
8: 10 10
10
0 0.2 0.4 0.6 0.8 1 12 1.4
Load scale ' Cornell University




ARIZONA STATE

university - mposing of var limits “on” the a line

Initial effort.

HEM Network Reduction CERTS

Perform HEM network reduction to get boundary bus injections for
generators g and f: Pgb (a) +jQ3 (a); P]? (a) +jQ]I3 (a).

Let &, be point at which generator “g” var limits, Qg, are encountered.

77N

,// e Py (a)+Q, ()
: | < be(a)"'Q?(a)
1

! b

\ ’ Pgb(a)_'_(jgb
] P
/I —l

Boundary bus injections
before var limits reached,

CZ<O(g.

Boundary bus injections
after var limits reached,

2.

Model with <  are approximate since all injections assume

Q5 (a) behavior.

Build reduced model with no gens on var limits: No simple way to
analytically approximate effect of going off var limits.

') I| Cornell University



% HEM Network Reduction

ARIZONA STATE

UNIVERSITY Imposition of var limits

e Voltage mag. error (pu) v. o (50% reduction)

e 14-bus system: Gen 2 hits var limits at a=1.34; Synch. Condenser hits var
limits at o= 0.98.

e SNBP=2.25 with these var limits. 0.01 pu accuracy at a=2.0 (V,,

Voltage magnitude error n

ConsorTiuM For ELECTRIC RELIABILITY TRCHNOLDGY SOLUTIONS

=0.853 pu)

0.05

0.01

-0.01

-0.05 |

— HEM No Var Lim
—_HEM Var Lim

-0.1 |

Error(pu)

-0.15 |

-0.2 L

-0.25

| |
0 0.5 1 15 2

Ul (=] ) Cornell University
o )
Load scale
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Next Steps
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ext Steps
e Theory
— Structure of nonlinear inverse injection functions.
— Var limiting

— Inclusion of phase shifters.
— o line not coincident with load profile.

— Multiple a lines, i.e., multivariate approximants, ex:
Chisholm approximants.

— Off the o line.

— Application to the stochastic/probabilistic power flow
problems.

e Numerical experimentation
— Verify theory.
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